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SUBGROUP CONDITIONS FOR GROUPS
ACTING FREELY ON PRODUCTS OF SPHERES

JUDITH H. SILVERMAN

ABSTRACT. Let d and h be integers such that either d > 2 and h =29—1,or
d =4 and h = 5. Suppose that the group & contains an elementary-abelian
2-subgroup E; of rank d with an element ¢ of order 4 in its normalizer. We
show that if & admits a free and F,-cohomologically trivial action on (S")4 ,
then some nontrivial power of ¢ centralizes Ej; .

The cohomology ring H*(E;; F5) ~ Fy[y;, ..., y4] is a module over the
Steenrod algebra &/ (2). Let 6 € Fa[yy, ..., ys], and let ¢ > d — 2 be an

integer. We show that 6 divides qul(e)‘ in the polynomial ring for 0 < i <
ce 0 =11 where t divides Sq?' (1) for 0<i<d-3 and 7 isa
product of linear forms.

PART 1. PRELIMINARIES

1. INTRODUCTION

Suppose that the group & acts freely and F,-cohomologically trivially on
a finite complex X ~, (S")¢ (that is, X has the mod-2 cohomology of the
Cartesian product (S”)4). A theorem due to Carlsson [Car 80] states that
all elementary-abelian 2-subgroups of & have rank < d. The purpose of this
paper is to find constraints on the normalizers of any rank-d elementary-abelian
2-subgroups E; of & . Note that if ¢ is an element of the normalizer Ng(E,),
then the group generated by ¢ and E, is a semidirect product (¢) x, E,
over some homomorphism 1:{(g) — Aut(E;); E, sits inside this group as a
normal subgroup. Since E; ~ (F,)? as abelian groups, one may think of 7 asa
degree-d representation of (g) over F;; if no nontrivial power of ¢ is in the
centralizer of E,;, then the representation 7 is faithful. We have the following:

Theorems II1.5 and II1.11 (Main Theorem). Let d and h be integers such that
either d >2 and h=2¢—1,0r d =4 and h = 5. Suppose that the group
Z contains a semidirect product G ~ Z/(h)x, E;, where E, is an elementary-
abelian 2-group and t is a faithful irreducible degree-d representation of Z/(h)
over Fy. Then & does not admit free, ¥,-cohomologically trivial actions on any
finite complex X ~, (S™)? for any value of n (if (d, h) = (4, 5), one requires
that n not be of the form 2! -5 —-1).
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If (d,h) = (2,3) or (3,7), then in fact & admits no such actions on
any X ~; (S")! for any / > d; see [Oli78 and Car81] for simple proofs of
these theorems for the case (d, #) = (2, 3) and the cases (d, h) = (2, 3) and
(d, h)=(3,7), respectively.

I thank Gunnar Carlsson for suggesting this question and for many helpful
conversations. I am also grateful to the referee for pointing out that the groups
Z/(29 — 1) x,; E; occur in the finite simple groups PSL,(F,) as normalizers
of the 2-Sylow subgroup, and consequently that there are an infinite number of
simple groups of rank d not acting freely on X ~, (S")?.

2. NOTATION

From now on, we write k for the field of two elements F,. Let LD K D k
be field extensions, and let & = L[z, ..., z,] be a graded polynomial algebra
over L on generators of degree 1. We denote the module of homogeneous ele-
ments of degree m by %, . Henceforth, all polynomials under discussion will
be assumed to be homogeneous. The degree of a homogeneous polynomial ¢ is
denoted by deg(¢), and its degree as a polynomial in the single variable z; by
deg;(¢). Let Mon(%) C & be the set of monomials of & with coefficient 1.
Any polynomial 0 # ¢ € € is uniquely a sum ¢ = Y {f,u|u € Mon(¢)} where
0 # f, € L and Mon(¢) C Mon(%) . The elements of Mon(¢) are the monomi-
als of ¢. We write 9/9z; for the familiar derivations of L[z, ..., z;]. Since
char(L) = 2, we have the following useful characterizations of the squares of
Lz, ..., z]:

{ ¢ € % is a square & 9(¢4)/0z; =0
(1) for 1 <i<d <& pis asquare for all u € Mon(¢).

Let # be a graded K-subalgebra of & and Mat,(#) the ring of (n x n)-
matrices over % . We denote the determinant of a matrix &/ € Mat,(%#)
by 0(%). A matrix & € Mat,(¥#) is diagonalizable over k if the matrix
&\ & is diagonal for some invertible matrix & € Mat,(k), or equivalently,
if k" Cc %" has a k-basis consisting of eigenvectors of &/ viewed as a linear
transformation on %" .

It is also convenient to introduce the following notation:

Notation. Let {¢,, ..., ¢s} be polynomials of .#Z . Then F{¢,, ..., ¢s} is
the #-ideal generated by the ¢;, & {¢;, ..., &5} is the subalgebra they gen-
erate, and 7 {¢;, ..., ¢;} C # is the K-vector subspace they span.
Definition I.1. A set of (homogeneous) elements % = {$y, ..., ¢s} C F>,
is an independent set of s elements if for each i, ¢; is not a O-divisor in
H[|Fi—1, where % =0 and Jj = F{¢,...,¢j_ 1} for 1 <j<s—-1.1If
deg(¢1) = deg(¢y) = --- = deg(¢s) = m, then & is a level independent set of
degree m .

It is proven in [Ser65a], where independent sets are referred to as #-suites,
that the above condition is independent of the order of the ¢;’s. In particular,
if pp; € F{¢j|lj # i} for some p € Z#, then in fact the coefficient p €
F{¢;lj # i} . The following consequence will be used repeatedly:

Fact 1.2. 1. Let ¥ = {1, ..., ¢s} C F# be an independent set, and suppose
that Y°i_, ci¢i =0 forsome ay, ..., as € Z . If for some i we have deg(a;) <
deg(¢;) forall j+#i, then a; =0.
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2. Let T = {y1,...,¥s} CF# be a level independent set of degree m,
and suppose that # € Mat(%,y)) is a matrix for which # (y,, ..., ;)T =0
or (Wi,...,w)# = 0. Then either #4/ =0 or n > m. In particular, if
Yioi Bivi =0 for some By, ..., Bs € E of degree n, then either n > m or
Bi=0 forall i.

Definition I.3. We say a set of (homogeneous) elements % = {¢,, ..., ¢s} C
Z is an s-element homogeneous system of parameters (h.s.o.p.) if % is a
finitely-generated module over &7 {¢;, ..., ¢s}. If deg(¢;) = deg(¢s) =--- =

deg(¢s) = m, we say . is a level system of parameters (Ls.o.p.) of degree m .
From [Ser65a], we have

Proposition 1.4. Let # C € = L[z, ..., z4] be a K-subalgebra such that &
is finitely generated as an F-module. Then

1. no independent set of % has more than d elements,

2. for 1 <s <d, any s-element independent set (resp. h.s.o.p.) of % is
an s-element independent set (resp. h.s.o.p.) of €, and

3. the d-element independent sets of % are precisely the d-element h.s.0.p.’s
of # .

3. COHOMOLOGY OF A TWISTED PRODUCT

Let & beagroup, E; C £ an elementary-abelian 2-subgroup of rank d , and
Ne(E;) the normalizer of E; in &, acting on E,; by conjugation. Suppose
that Ng(E,) contains an element #n of odd order 4, no nontrivial power of
which acts trivially on E;. Let H = (), and define G to be (n, E,), the
group generated by n and E,.

Notation. We say G = (n, E;) is of type1if d >2 and h =29 — 1, and of
typellif d=4 and h=5.

The main theorem states that if G is of type I (resp. II), then the larger group
% admits no free, k-cohomologically trivial action on any space X ~; (S")?,
for any n (resp. for any n not of the form 2/-5— 1). The method of proof
is to show that even the subgroup G admits no such actions. In fact, & itself
drops out of the picture and all computations take place within the cohomology
of the subgroup G. Much of the discussion holds for all groups of the form
(n, E;), with no restrictions on d and h except those implicit in the condition
on 7. We will only restrict to groups of types I and II where necessary.

Following the approach of [Car81], we consider the cohomology algebra
H*(G) of G, defined to be the cohomology (with k-coefficients) of the classi-
fying space BG of G. As mentioned above, the group G may be regarded as
a semidirect product H x, E; for a suitable irreducible faithful representation
7. H — Gly(k) . There is a well-known isomorphism of graded k-algebras

H*(Eq) = kly1, ..., yal,
where k[y,, ..., y4] is the polynomial algebra on d generators y;, ..., y; of
degree 1. The representation 7 induces an action of H on k[yy, ..., 4],
determined by multiplicity by its restriction p to H'(E;) ~ k[yi, ..., valy)»

which is isomorphic to k? asa k-vector space. The matrix of p(n) is the trans-
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pose of the matrix corresponding to 7(#) . It follows easily from the Hochschild-
Serre spectral sequence for group extensions that

H*(H % Eg) ~ (k[y1, ..., ya)",

the ring of invariants under the action of H [Car81]. In the next section we
discuss Carlsson’s method for working with this invariant subalgebra, which is
difficult to study directly.

4. REPRESENTATION THEORY

Let 4 be an odd number and let d be the order of 2 in Z/(h). Then the field
extensions k({) and k(w) of k obtained by adjoining a primitive Ath root
of unity and a primitive (24 — 1)th root of unity respectively are isomorphic to
each other and to the field of 2¢ elements. We denote this field by & . Note that
o is a generator of the multiplicative group of units k* . The Galois group I’
of the extension k /k is a cyclic group of order d, generated by the Frobenius
map z — z¥ = z2%,

Now let H = (n) be a cyclic group of order 4 acting irreducibly, as in
the previous section, on k[y;, ..., y4]. This action extends by k-linearity
to k®k[yr,...,vdl = I%[yl , ..., V4], and the dimension-d representation
on fc[y. y oo Yalay = k9 is diagonalizable, as the larger field k contains the
hth roots of unity. More precisely, one can show that there is an additive
basis {xp, ..., x4-1} for k[y, ..., yslq)—hence a multiplicative basis for

fc[yl , ..., yq]—consisting of eigenvectors of the H-action, such that
nxi)=C¥x; for0<i<d-1

for some appropriate primitive Ath root { of unity (see e.g. [CS]). Henceforth

we regard { as fixed, and choose the primitive (2¢ — 1)th root w so that

{ = @ =Y/ All monomials in the {Xo, ..., x;_,} are eigenvectors of H .

It is convenient to extend the action of the Galois group I' of k/k to all of

k[xo, ooy xd—l] =k[yl> LR syd] via

c’=c%, cek; x!=xip1, 0<i<d-1,

where the subscripts are read, here and throughout, as integers modulo 4 . One
can check that the inclusion

vk, ..., yal = klxo, ..., X421
maps K[y, ..., y4] isomorphically onto (l%[xo, ..., Xz_1D¥, the invariant
subalgebra. In particular, the 2¢ — 1 linear elements of (k[xo, ..., xg—;])¥

are determined by the coefficient of xj ; they are given by

d-1

def . . d—1; j i .

LS oixg+ 0¥x + -+ 0¥ ixg_, = E wzjlxj, 0<i<d-1
j=0

From now on, we use the following abbreviations:
.?:k[yl,...,yd](l), 3=1%[X0,...,xd_1]{{)=1(3),
Mon(Y) = Mon(k[y1, ..., y4]), Mon(X) =Mon(k[xo, ..., X4—1]),
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and write Mon(X)# for the elements of Mon(X) which are fixed by the action
of H on k[xp, ..., Xx4-1].

5. INVARIANT THEORY

To discuss the H-invariants of k[xo, ..., x4_;], we introduce some termi-
nology.

Notation. As in [CS], we refer to monomials of the form xizj as “atoms.” Every
monomial u € l%[xo, ..., X4—1] can be expressed uniquely as a product of
distinct atoms, which we call the atoms of u. Campbell and Selick define the
weight function w:Mon(X) — Z/ (29 -1) by declaring the weight of each atom
x2 to be w(x2 ) = 2/*J, and requiring that w be multiplicative. Evidently
one has w(Hf 0' xi) = Z?’: !2ie;. We now define the weight vector W (u)
of a monomial with atomic decomposition u = ]'[;’i’f) x,.zl” to be the d-tuplet
(Bo(u), ..., Ba_1(n)), where B;(u) is the number of atoms of u with weight
2! (cf. [Wo086]). Clearly w(u) = f;o' Bi(p)2" (mod 29 —1). For ¢ =3 c,u
a polynomial, w € Z/(2¢ = 1), and W = (By, ..., Bs—1) € N¢, we define
v = 2{cuplw(n) = w} and ¢w = Y{cuu|W(n) = W}. If ¢ = dw, we
say ¢ is weight-vector pure of weight-vector W ; similarly, ¢ is weight-pure of
weight w of ¢ = ¢y, .

We now describe the H-invariant subalgebra of k ® k[yi, ..., y4] in the
basis {xp, ..., X4_1}-

Lemma L5 [Car81]. Let p = x°-- x;’" "\ . Then p is an H-eigenvector with
eigenvalue () . In particular, u is H-invariant < w(u) = 0. A polynomial
¢ € kixo, ..., Xg_1] is H-invariant < each of its monomials is H-invariant,
the invariant subalgebra k[xo, ..., x;_11 is the subalgebra generated by the
invariant monomials Mon(X)¥ .

Let n € N. As usual, we write a(n) for the number of 1’s in the dyadic
representation of n. Let

v & min{a(n)|n =0 (mod A)}

be the minimum number of 1’s in the dyadic representation of any multiple of
h. Since 2¢—1=0 (mod &), we have v < d . In fact, it is not hard to see that
v = a(n) for some multiple n of 4 with 1 <n <24 —1. From Lemma L5 it
follows that:

Corollary 1.6 (cf. [Car81]). 1. Any H-invariant monomial is composed of at

least v atoms. In particular, we have k[xo, ..., xd_.](’j) =0 for j<v.

2. In degree v, we have k[x, ..., xa-1){l #0.
Proof. Let u € Mon(X)” As the integer Zf_ol Bi(u)2' = w(u) (mod 24 -1),
we have that Z (1)2' is a multiple of # by Lemma 1.5, and thus

d—1 d—1

d—1 d—1
va (Z Bi(u)2 ) > a(Bw)2) = a(Bi(w) <Y Bilw),
=0 =0

t=0 t=0
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the last term being the number of atoms of u. This proves this first statement.

Nowlet n, 1 <n<2¢—1,beamultiple of 4 such that v = a(n); write n =
;1=—01 ¢;2' with ¢ € {0, 1}. Then the monomial x8°-~~x;"_‘ | is H-invariant

and has degree v. 0O

Suppose now that u € Mon(X)¥ is the square of some monomial A €
Mon(X). Then B,_;(4) = B:(u) for all ¢, where again the subscripts are read
modulo d, so that

d-1 d-1
w@) =Y B2 =271 B(w2t = 27 wiw).
t=0 t=0

Since 2 isa unitin Z/(2¢—1), this means that w(A) = 0, so that A € Mon(X)# .
In view of the previous lemma and equation (1), we have

Lemma 1.7 (cf. [Car81]). Suppose 6 € (/AC[.ZC(), ooy Xg_ )Y satisfies 6 = y? for
some y € k(xo, ..., X4—1]. Then w € (k[xo, ..., xq—11)2, 0 is a square in
(klxog, ..., x4—1DH.

6. STEENROD ALGEBRA

Recall that the cohomology ring of any group is naturally an algebra over the

mod-2 Steenrod algebra &/ (2). In particular, k[y;, ..., y;] ~ H*(E;) and
(ky1, ..., ya) ~ H*(H x, E;) are %/ (2)-algebras. The action of % (2) on
k[yi, ..., yq4] is determined by the Cartan formula and the requirements

Sa'(v) =y} Sq¢i(y;)=0 fori>1;
the action on H*(H x, E;) agrees with the restriction of this action to the

invariant subalgebra (k[y;, ..., y4s])". We now recall a few pertinent facts
about &/ (2) and its action on k[y;,...,ys]. Let ¢ € k[y,..., ys] and
aeN.

Fact 1.8. 1. The algebra 2/ (2) is generated by the Sq?; in particular, Sq°
may be expressed in terms of {Sq*|2' < a}.
2. We have o o
Squ(quJ):{(qu ¢)2 > IZJ’
0, I<j.
3. Sq¥ acts as a derivation on (2))th powers.
4. Sq%(¢p) =0 for a > deg(d).
As in [Car81], we recall the definition of the Milnor primitives
Qi1 =Sq', Qi1 =[S¢*, Qil,

and define Qo : k[y1, ..., yal = k[y1, ..., y4] by the requirements that Q(y;)
=y, and that Qp be a derivation.

Propesition 1.9 [AW80].
1. Qi= 27=1 y}.’a /0y for i >0; in particular, Q; is a derivation for all
i.

2. For i > d, there exist polynomials ¢;; € k[y,, ..., yq], 0<j<d-1,

such that Q; = Z;to' $:i;Q; .
3. Qo(z) =0 when deg(z) is even; Qo(z) = z when deg(z) is odd.
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Proposition 1.10 [AWS80]. If 0 € k[yi, ..., y4] (resp. (k[yi, ..., ya)H) sat-
isfies Q;(6) =0 for 0 < j <d -1, then 6 is the square of an element in
kiyi, ..., yal (resp. (k[yr, ..., yaD™).

Following [Car81], we extend the action of & (2) by k-linearity to all of
kixo, ..., X4—1]. The new action still satisfies the Cartan formula and the con-
dition that Sq?(f) = 0 for a > deg(f), but it is no longer true that Sq?(f) = f?
whenever deg(f) = a. Carlsson characterizes the new action as follows:

Proposition 1.11 [Car81]. With the notation as above, the action of &/ (2) on
k[xo, ..., Xq—1] is determined by k-linearity, the Cartan formula, and the con-

dition that Sq'(x;) = x2_, .

It is straightforward to verify inductively that Q;(x;) = xfi ; for j>1. The
Q; being derivations, we have that

S
2 ;= ¥ —.
@) < Zx'_j 0x;
i=0
We summarize the statements “Q; = Y9 ' x? j0/0xi, 0<j<d-1”in
matrix notation as follows:

a(6)
X0 X1 e Xgdo dxg Q (0)
x2_, x2 .. x3, %(xﬁll Q?(e
(3) : : : : : = . for 6 € klxg, ..., Xg_4).
a1 a1 -1 Q4-1(0)
x? x} R o %12_)_1
Note that if x4 is a monomial, then x,zi (Ou/ox;) = x2' —j/xi) accordingly as

X; isorisnotan atomof u. As w(x,.zij) =2/ = w(x;), we see that W(Q;(u)) =
W(u) provided Qj(u) # 0. Likewise, of course, w(Q;(u)) = w(u).

Suppose now that % isa k- or k-algebra having an & (2)-action, e.g. # =
kvi,...,v4l, fc[xo ,...,X4-1], or their H-invariant subalgebras. Recall from
§2 the definition of independent sets, h.s.0.p.’s and l1.s.0.p.’s of % .

Definition I.12. Let . = {¢;,..., ¢} C Z# be an independent set or an
h.s.o.p. & is & (2)-invariant (resp. Q-invariant) if the ideal % {¢y, ..., &s}
is closed under the action of &/ (2) (resp. of the Q;, 1 <i < 00).

Note that % as above is Q-invariant if the ideal #{¢;, ..., ¢5} is closed
under Q; for 1 <i<d-1. As k[y1, ..., ys] is finitely generated over the
algebra (k[y;, ..., y4]), one may easily see that any 2/ (2)-invariant L.s.o.p.
of (k[y1,...,yq]) is also an & (2)-invariant Ls.o.p. of k[y;, ..., y4], and
maps via ¢ to an %/ (2)-invariant lL.s.0.p. of fc[xo, ..., X4_1]; similarly for Q-
invariant 1.s.0.p.’s.

7. OUTLINE OF THE ARGUMENT

We now outline the proof of the main theorem. In [Car81], Carlsson proves
the following.
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Theorem 1.13 [Car80, Car81]. Suppose G = H x, E; acts freely and Z/(2)-
cohomologically trivially on a finite complex X ~, (S")!. Then H*(G) =
(k[yi, ..., ya)H contains an l-element s/ (2)-invariant l.s.o.p. in degree n+1.

This l.s.0.p. arises as follows: suppose that G acts on X asin Theorem I.13.
Consider the Serre spectral sequence for the fibration X — EG xg X — BG,
where EG denotes a contractible space on which G acts freely, and BG the
classifying space of G. Let y; € H"(X) be the generators of the exterior algebra
H*(X) ~ H*((S")!), and let ; € H"*!(BG) ~ H"'(G) be their transgressions
in the spectral sequence. Then Carlsson shows that the set {6, ..., 6,} forms
an & (2)-invariant l.s.o.p. for H*(G) in degree n+ 1.

To prove the main theorem using Theorem 1.13, our approach will be to show
that the algebras (k[y;, ..., y4])¥ possess no ./ (2)-invariant 1.s.0.p.’s with d
elements in the relevant degrees.

Notation. For G as above and integers / and m, write P(G, [, m) for the
following statement: Any %/ (2)-invariant Ls.o.p. of (k[y;, ..., y4])¥ of degree
m with [ elements consists entirely of squares.

Some results of [Car81] can be paraphrased to say:

Proposition 1.14. Let m = 2'n, where n is odd. Suppose P(G, 1, 2'n) is true
for 1 <i<t. Thenin fact (k[yy, ..., yq)" has no & (2)-invariant ls.o.p.’s
with | elements in degree m .

Proposition 1.14 is proven by showing, first, that (k[y,, ..., ¥7])¥ has no
& (2)-invariant 1.s.0.p.’s in odd degrees, and second, that the square roots of an
& (2)-invariant l.s.0.p. consisting entirely of squares themselves form an &7 (2)-
invariant L.s.0.p. In what follows, we demonstrate that if G is a group of type I
(resp. II), then P(G, d, m) is true for all m (resp. for all m not of the form
2! .5). This together with Theorem 1.13 and Proposition I.14 proves the main
theorem.

The idea behind the proof that P(G, d, m) holds is as follows. Let ¥ =
{61, ..., 60} be a d-element & (2)-invariant l.s.o.p. for (k[y;, ..., y4])¥ in
degree m, with m as in the main theorem. Carlsson observed that &/ (2)-
invariance allows us to write, forall j=1,2,...,d and t=0,1,...,d-1,

Y

(4) Qu(0)) =" q(1) jxbx
k=1

for some q(t)x € k[y1, ..., yd](hz',_,). Let £(t), 0 <t <d~-1,be the matrices

(q(t)k) € Maty((k[y1, ---, ya1)H). The goal is to prove that &(t) = 0 for all
0 <t <d - 1; this will imply, by Proposition .10, that each element of . is
a square. When G is of type I, this is accomplished fairly simply by studying
the elements g(¢);, . When G is of type II, the argument goes as follows: note
that any k-basis for the k-linear span 7°{6,, ..., 6,} isitself an H-invariant
& (2)-invariant l.s.0.p., since the ideal and subalgebra it generates are the same
as those generated by {6,, ..., 6;}. Thus to each basis .*’ of 7°{6,, ..., 6,}
we may associate the matrices & (t) as above. Our approach is to show that
7{6,, ..., 0,4} hasabasis %’ for which the associated matrices are diagonal,
and then, by studying the possible eigenvectors of such matrices, to verify that
these diagonal matrices are in fact 0.
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In Part II we prove some propositions concerning the action of %/ (2) on our
polynomial algebras and the diagonalization of matrices, which we use in Part
III to prove the main theorem. In fact, when the group G is of type I, the proof
that P(G, d, m) holds relies only on the results of §8; the rest of the results in
Part 11, while interesting in their own right, are for our purposes necessary only
for the discussion of groups of type II.

PART II. TECHNICAL RESULTS

8. JOINT KERNELS OF THE Q;. |

Proposition 1.10 says that a polynomial ¢ € k[y;, ..., y;] is a square if
Qi(¢) =0 for 0 <i<d-1. In this section, we discuss certain polynomials y
which vanish under some, but not all, of the Q’s. Namely:

Definition II.1. For 1 <s<d -1, let

Ks={p€klyr, ..., Valos+1-1)|Qi(#) =0 for 1 <1< s},
K.{-I =Ksn(k[yla ,J"d])H-

In order to discuss K; and K[, we introduce the following notation:
Definition I1.2. For 1 <s<d -1, let
Is = {Wips - Vit #ip fort £ '},
Ti={{Xigs .- Xi} | ir # ip for t £ '},

s
A {erIZZ‘fEO(modh)}.

Jj=0

Note that T = & for 1 <s < v—2, where v = min{a(m)|m = 0 (mod h)}

as in §5. Moreover, if I = {ip, ..., is} € {io, ..., ig—1}, then the set 7 =
{xi|ij € I} belongs to T H & 1/ = {x,|ix € I} belongs to T,H _,, since
Y2643 2k =%"2=29-1=0 (mod h).
i€l i@l i=0

In particular, f”:O ford—-v<t<d-2.

Definition IL.3. Let 7= (4g, ..., 4;) €5 or f Then Zp(1) is the matrix
Ao Al Ag

De(1) & Oi(do) Qi(41) ... Qi)
@ = . .

Os(d0) Qs(A1) ... Qs(4s)
and Jdp(7) is the determinant J(Zp(1)).
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—

Example. For 7 = {x;,, ..., x;} € 75, we have

Xiy Xi, e Xi
2 2 2
Xio—1 Xij—1 Xi—1
.@Q(xio s eeny x,}) = : .
2¢ 2° 2
xig—s xil—s te xi,—s

Note that the weight function is constant along each column of Yy(%). There-
fore the polynomial Jy(%) is weight-vector pure of weight-vector W () =
(ag, ..., a4-1), where a; =1 if i; =/ for some j, and a; = 0 otherwise.
Clearly W(%,) # W(%,) if 1, # 1. The polynomial dp(%) is also of course
weight-pure of weight w = Y/_jw(x;;) = 3j_¢2" . In particular,

(5) So(%) € (kxo, ..., xa D! & € TH.
Example. For 7= {y;, ..., yi} € %, the definition gives
IO
Vi Vi .- hi,
9'Q(y'ioa“'ayis): .
ye oyl ooyE

It is well known that the determinant of this matrix is given by the product of
all the nonzero linear forms in the y;,, ..., y; :

(6) 00ig» -+ 5 Vi) = H{¢ o €kligs ---» Vil }-

In [Wo0086], Wood gives the following description of Kj :
Proposition I1.4. K is the linear span 7 {dy(1) |1 € I }.
In §14, we will need the following corollary.

Corollary I1.5. Suppose ¢ € K;. Then Q. 1(¢) = ¢2.

Proof. As Q1 and the squaring map are additive homomorphisms, it suffices
to prove the corollary for ¢ = dg(t), where 7 = (49, ..., 4s) € J;. Applying
the derivation Q,,; one row at a time, we find that

(7
Osr1(Vig) --+ Qsr1(Viy) Vi Vi,
v (60() = Ql(:yio) Ql(:yis) . Qs+l(:Ql(J"io)) Qs+l(?l(yi,))
Qi) ---  QOs(yi,) Os(¥i,) Os(vi,)
Vip Vi
Q1(¥iy) O1(vi,)

+ot ) . :

Qsr1(Qs(rip)) -+ Qsr1(Qs(¥3,))
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For i > 2, the ith matrix has ith row identically zero, so that its determinant
vanishes. We see that

A A B
Vi e W P
®)  Qsri(o(r)=| : = = |= = dg(1)?,
T yioo... yE
v R y,-z(:+| oy

the equalities holding because in characteristic 2, squaring is a homomorphism
and the order of a matrix’s rows does not affect the value of the determinant. O

In order to study the invariant subspace K/ , we work in the larger field.
Definition I1.6. For 1 <s<d -1, let
K, = {v e kixo, ..., Xq—1]os1—1y| Qi(w) =0 for 1 <t <5},
KH =K,n(klxo, ..., xa_1])".

One can easily check, along the lines of the previous proof, that
9) 7 {Dp(1)|t € T} C K,.

In fact, the inclusion is an equality as we proceed to show. We need the following
lemma.

Lemma IL7. Let 1= {y;,, ..., yi,} €. Then 1dy(1) € 7 {Dp(1)|T € f} C
Ks .

Proof. Write y;, = 7;01 C“'zjx,- for suitable a@; as in §4. Then
pESCE RN iy £

(10) l&Q(‘t) _ (27;01 C“OZ/xj)z . (27;01 Caszij)Z

o o,
d—1 J d—1 J

(Zj:o {@? xj) (zj=0 g xj)

I claim that each column of the above matrix is a linear combination of the

column vectors (x;, x2 ;, ..., x%,)T; indeed, the jth column

Ef’;o' $4% x; ' X;

S \2 2

d=1 pg.i x?%

( io ¢Y? xi) di:lCa o

= J
: i=0

d—1 pq.2! ¥ 28

(E,’:O ¢4 xi) Xi_s
We can therefore express 1dp(7) as a linear combination of determinants
of matrices with columns of the form (x;, x* ,, ..., x> )7, and we may of

course assume that the columns of each such matrix are distinct from each
other. This says exactly that 1dy(7) € 7 {Dp(%)|t € Z}. O

The following corollary will be useful in the next section. Recall from §4 the
notation . and .Z.
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Corollary I1.8. Let tc = {xp, ..., xg—1} and 1y ={y1, ..., va}. Then dp(tx)
=10g(1y) = ]'[{l |l € .‘Z}
Proof. As in equation (6), do(ty) = [I{/ill; € L}, 50 10p(1y) = 144l € f?}.
Since J; = {1x}, the lemma says that 0 # 1dy(1,) = cdp(7x) for some c € k.
As both 1dp(t,) and Jg(t) are I'-invariant, we see that c=1. O
Lemma II.7 and Corollary I1.8 actually give all that is needed of the structure
of K;, but for the sake of completeness we prove

Proposition IL9. K, = 7°{Zy(%)|% € 5}

Proof. By equation (9), we must show only that I?s C7{Yp(t)|1 € 9:\'} . Let
¢ e K s and let Wy, ..., W, be the weight vectors corresponding to elements of
Mon(¢) as in §5. Since the Q; preserve the weight-vector classes, it is evident
that Qj(¢w,) =0 foreach 0 < j<s and 1 <i<n. W.lLo.g., then, we may
assume that ¢ is pure of weight vector W . In this case, let y =3, ¢

Now y” =y forall y €T, s0 y € ik[yi, ..., y4]; clearly y € i1K;. By

Lemma IL7, v € 7 {Dp(1)|1 € Z} ;say w = Y. ¢idg(%;). Restricting to
the weight-vector class W, we find that

m m
¢=yw= (z Ci5Q(fi)) =Y ci(So(3)w

i=1 wooi=1
But from the example following Definition I1.3, (do(%;))w = dp(%;) if W(1;) =
W, and O else. We conclude that W = W(t,)) for some iy, and that ¢ =

cido(tir) € 7V {Po(t)| 1 € F}. O

Corollary IL10. K¥ = 7 {64(3)|% € T H} .

Proof. Since the polynomials dp(%) are weight-vector pure with distinct weight-
vectors, a linear combination of these is pure of weight 0 < each summand is
pure of weight 0, and hence comes from f H

__ From Corollary I1.10 and the remarks following Definition II.2, we see that
K{', and therefore K[, is trivial unless / has a multiple of the form }5_,2",
where 0 <i; <d -1 and the i; are distinct. In particular:

Corollary IL11. K¥ =0, and therefore KH =0, for s <v—1 and s > d—v—-1.

Corollary II.11 gives enough information about the action of %/ (2) on
(k[y1, ..., ya)¥ to prove that P(G, d, m) holds for all m when G is of
type I; the proof in that case may be found in §15. In the next four sections we
obtain additional information about k[y;, ..., y4] and this action, and about
the diagonalization of matrices with entries in a polynomial ring, which will be
needed in the discussion of groups of type II.

9. JOINT KERNELS OF THE Q;. II

Having seen the concise description of K; and I?S in §8, one might ask how
to characterize elements of dimensions other than 25*! — 1 which lie in the
joint kernel of the Q;, 1 <i <s. It follows from Wood’s proof of Proposition
I1.4 that:
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Lemma I1.12. Suppose ¢ € k[y;, ..., Yalim) (resp. kixo, ..., X4—1)(m)) Satis-
fies Qi(¢) =0 for 1 <i<s, where m <2t — 1. Then m is even and ¢ isa
square.

The following is a partial characterization of the joint kernel in dimensions
greater than 25+! — 1 :

Let ¢ € k[x, ..., Xg—1]om) , where m > 25*1 — 1 and suppose ¢ satisfies
Qi(¢)=0 for 1 <i<s.Let ueMon(¢p). Then either u is a square or y is
of the form . , !

u= (xioxizl—lxizz—Z e 'xizs—x)ximxisn T xirlZ >
where 4 € Mon(X), r > 0, and the indices iy, ..., i, are distinct.
Note that when m = 25*! — |, the statement is exactly that

u € Mon(dg(xig, ..., Xi)),

which is consistent with Proposition I1.9. An analogous statement holds in the

smaller polynomial algebra k[y,, ..., y;], where x, _; 1s replaced by y,-zj’ .
We prove the statement for s = 1, which is the only case needed in this paper.

The other cases may be proven inductively, with a good deal of bookkeeping.

Lemma IL.13. Let ¢ € Ker(Q,), andlet u € Mon(¢@). Then either u is a square,
or u is of the form p = (xi,x}_,)X;,---x;,A*> where A € Mon(X), r >0, and
the indices iy, ..., i, are distinct.

Proof. If u is a square, then there is nothing to prove. If not, write ¢
2”_0 Cu;1j , where the u; are the monomials of ¢; w.lo.g. u = po. As Q(¢)
0, we must have coQ;(ug) = ZJ 1 Q1(1j) . Recall from §6 that

2
X4

j—1
(11) z -1 9. ax ZJ:{ xj .uO}’
where J = {j € Z/(d)| degj(uo) =1 (mod 2)}. Now J # @, as yg is not
a square. Let jo € J. Since the monomials (x}_l/xj)yo of equation (11) are
obviously distmct there can be no cancellation in the right-hand summation, so
that we have x2 _,uo/x;, € Mon(Q:(to)) = Mon(}"}_, ¢,;Q1(u;)) . This means

2 2
X5 X5

-1 Ji1—1
D" o = 1= p
Xjo Xj,

for some j; # jo and some u; € Mon(d), u # uo, with deg; (u1) =
1 (mod 2). Now

o= F—2

from which we see that deg; _;(u0) > 2 and deg; (uo) = deg; (1) — 1 =
0 (mod 2). Since by assumption deg; (4o) = 1 (mod 2), we see that
def Ko
XZ —1%jo

has deg; (x) = deg; (x) = 0 (mod 2). Thus x is of the form x; .- x;,A? for
some A € Mon(X) and some Xi,, ..., X;, distinct from each other and from
Xj, and xj . As up= Xj,X , this proves the lemma. O

J|1
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10. LINEAR FORMS AND 2/-POWERS

We now digress to introduce some notation concerning linear forms and 2!-
powers of polynomials, both of which play a large role in what is to follow.
Let .4, ..., % c & be the distinct orbits of the H-action on .%, and set
mj= ]'[Aie_%ii, for 1<j<r.

Definition II.14. A polynomial 7 € k[y;, ..., y4] is a product over orbits of H
on & if n= l'[;.=I n?" for suitable a;. If / of the integers a; are odd, then

7 is an l-orbit nonsquare.

Putting hats on everything in sight, we make a similar definition for polyno-
mials of k[xo, ..., x4].

Clearly any nontrivial H-invariant product of linear factors in k[yi, ..., y4l
(resp. (k[xo, ..., xg_])¥) is a product over orbits of H on .& (resp. .2);
the degrees of such products are multiples of 4. From now on, we reserve the
letters 7 and p for products of linear factors. )

In what follows, % stands for either k[y,, ..., y4] or k[xo, ..., X4_1],and
t is a positive integer. We say a polynomial y € & isa (2')th power if y = &2
for some & € ¥ . Any polynomial ¢ € & can be written, uniquely up to scalars,
as ¢ = yy, where y is a (2')th power and y has no factors of multiplicity
2!. Furthermore, there exists up to scalars a unique (2‘)th power polynomial
£ € & of least degree such that ¢ |£. We make the following definition:

Definition I1.15. Let 7, ¢, v, x, and & be as above. We write ¢l for y and
&1} for &, and define ¢ by ¢ . ¢ = pl1}.

To illustrate this notation, we list a few facts which will be useful later.

Fact I1.16. Let ¢ € %, and suppose that B € € is a (2')th power polynomial
such that ¢|B. Then ¢\ | B, so that B = ¢{a? for some a € & .

Lemma I1.17. Suppose t is a positive integer and 1 # n € €1 isan H-invariant
product of linear factors, not a (2')th power, such that deg(n) = 0 (mod 2').
Then deg(n) > 2'h and deg(n{?) > 2'h.

Proof. In fact 0 # deg(n) = 0 (mod 2'h), by the remark following Definition
I1.14. Since ¢{!} isa (2!)th power and an H-invariant product of linear factors,
we have deg(¢{"}) =0 (mod 2'h), so that 0 # deg(¢{”) = deg(p!?}) —deg(d) =
0 (mod2'h). O

11. EIGENVECTORS OF STEENROD OPERATIONS

In this section, & stands for k[y;, ..., y4], I}[xo, .evy X4—1], or their H-
invariant subalgebras.

Definition IL.18. Let ¥ € &/ (2) be a Steenrod operation of degree j, and let
0 € € be a polynomial. If 6 divides ¥(6) in the polynomial algebra %, we
say that 0 is a W-eigenvector with eigenvalue Ay ¢ = ¥(0)/6 € ;.

Definition I1.19. If § € Z is a Sq?-eigenvector for all 0 < i < oo (resp.
a Q;-eigenvector for 0 < i < o0), we say 6 is an & (2)-eigenvector (resp. a
Q-eigenvector).
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From Proposition 1.9 it is evident that 6 is a Q-eigenvector if it is a ;-
eigenvector for 0 < i < d — 1; from Fact 1.8, 6 is an &/ (2)-eigenvector if it
is a Sq? -eigenvector for all i such that 2/ < deg(6). Proposition 1.10 may be
restated as follows: Let 6 € k[y;, ..., y4] be a Q-eigenvector with Ay 4 =0
for 0<i<d-1. Then 6 is a square.

The following is a corollary to a theorem of Serre:

Proposition I1.20 [Ser65b]. 0 € k[y, ..., y4] is an A(2)-eigenvector & 0 =
[l,ce li" is a product of linear forms.

Products of T-invariant linear forms of k[Xo, ..., x;_;] are therefore eigen-
vectors for the action of %/ (2) on k[xo, ..., X4-1].

The next two propositions describe, respectively, Q-eigenvectors of the alge-
bra fc[xo , ..., X4—1] whose eigenvalues are not necessarily 0, and polynomials
of I%[xo, ..., X4—1] which are qui-eigenvectors for i < some integer c.

Proposition I1.21. 1. 6 € k[xo, ..., x4_,] is a Q-eigenvector & 6 = y’x,
where w € k[xq, ..., Xq_1] is a polynomial and n is a square-free product of
T-invariant linear forms.

2. 0 € (kixo, ..., xa_1DH is a Q-eigenvector & 0 = y*m, where y €
(k[xo, ..., Xq—1)¥ and m is a product over orbits of H on Z.
Proof. One direction of these implications is an immediate consequence of the
remark following Proposition I1.20 and the fact that the Q;’s are derivations.
Suppose now that 6 € IQ[xo , ..., Xq_1] 1s a Q-eigenvector with deg(8) > 1.
Then by equation (3) we have

a0
X0 X1 cee X4 #;ol
x2 2 2 a(6) Qo(0) Aol
S e | e | [ me
A1 pd- d-1 Qa-1(6) Aa-10
xFT X L xR paLR
for appropriate A; € fc[xo s ---»Xd—1l@ai—1) - In the notation of §14, the matrix
on the left is Yp(t,). By Corollary I1.8, its determinant is dg(tx) = Hi-e§ i,
which is invertible in the field of fractions k(xo, ..., x4_;) of k[xo, ..., X4_1].

We now use Kramer’s Rule to solve for {9(8)/9x; }7;0‘ in terms of {Aie}?;,‘ .
Let 2} be the matrix obtained by replacing the jth column of Yp(t,) with

the vector (490, 1,0, ..., A4_10)T ; by Kramer’s Rule, we have
2(0) _ 8(#)
0x;  dg(tx)

The determinant J(Zj) is a homogeneous polynomial of degree pL
+ deg(6) — 1 = 24 + deg() — 2. Since each coefficient of the jth column
of & is a multiple of 6, we find by expanding 6(Z7) along the jth column
that d(2j) is itself a multiple of 6: §(Z}) = 6, for some polynomial J; of
degree 2¢ — 2. Thus we have

a(6) 09;

0x; Opo(tx)

forall 1 <j<d.
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If 8(0)/0x; =0 for all j, then 6 is a square by equation (1) of §2, and
part 1 of the proposition is true. Suppose then that 9(6)/0x; # 0 for some
Jj. Since 9(6)/0x; belongs to the ring k[xo, ... X4-1], each factor I; of
the denominator dp(tx) must divide the numerator 09; . For degree reasons
do(tx) cannot divide J;, so we see that Jdp(tx) and 6 must have a common
factor. Therefore 6 has a T-invariant linear factor; say 6 = [0’ for [ € 2 ,
0 € kixg, ..., xs_1], deg(6’) = deg(6) — 1. 1 claim now that ¢’ is also
a Q-eigenvector. Indeed, for 0 < i < d — 1, we have 0 = Q;(0) = Q:())0’ +
iQ,-(()’) (mod fB’) ,as 0 isa Q-eigenvector. But /, being linear and I'-invariant,
is itself a Q-eigenvector, so that Q;(/)¢' = 0 (mod /6’). Consequently, for
0 <i<d-1 we have that [6'|/Q;(6'), and so 6'|Q;('). Part 1 of the
proposition now follows easily by induction on deg(6).

If 6 € (k[xo, ..., xs_1])H, then one sees that the set of linear factors {iij}

of m is closed under the action of H, so that {iij} is a union of H-orbits and
7 is H-invariant. It follows that y is also H-invariant. This proves part 2. 0O

In this paper, we will be concerned with Q-eigenvectors that lie in the sub-
algebra k[y;,...,y4s] C fc[xo, ..., X4_1]- The following description of such
Q-eigenvectors follows immediately from the proposition; alternatively, it may
be proven by exactly the same argument, with Yp(1,) and dy(t,) replacing
QQ(TX) and JQ(‘L'x).

Proposition I1.22. 1. 6 € k[y,, ..., y4] is a Q-eigenvector < 0 = w?n, where
v € k[y1, ..., vq] is a polynomial and 7 is a square-free product of linear
forms.

2. 0 € (k[yr,...,ya)¥ is a Q-eigenvector & 6 = w?m, where y €
(k[yy, ..., va)¥ and = is a product over orbits of H on & .

Proposition I1.22, applied repeatedly, yields the following characterization of

simultaneous eigenvectors of Sq2', ..., Sq* in k[y1, ..., v4l:
Proposition I11.23. Let ¢ >d — 2. .

1. A polynomial o € K[y, ...,yq] isa Sq?-eigenvector for 0 < i < ¢ &
6 = 1 n, where t is a Sq?-eigenvector for 0 < i < d -3 and m is a

product of linear forms.

2. A polynomial g€ kyr,...,vaD" is a Sq? -eigenvector for 0< i< c &
o =1>"""n, where t is an H-invariant Sq? -eigenvector for 0<i<d-3 and
n is a product over orbits of H on & .

Proof. We prove only part 1; part 2 follows exactly as did part 2 of Proposition
I1.21. To begin the inductive proof, suppose that ¢ = d — 2. Then from
the definition of the Q; as commutators of the Sq? , we have that ¢ is a
Q-eigenvector. By Proposition I1.21, ¢ = x2p for some polynomial y and
product p of linear forms. We now show inductively that x |Sg? (x) for 0 <
i <d — 3. Using the Cartan relations and Fact 1.8, we write

2l+l 2i . A
(12)  Sq¢*" zsw )Sq*" I (p) = 3 (Sq/x)2Sq*" ¥ (p).

Jj=0
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By hypothesis, o = x2p|Sq?" (x2p) for 0<i<d—3. When i =0, we find
that

(13) 120 1Sa*(x*p) = x*Sq' (p) + (Sq'x)*p,

from which it follows that x2|(Sq'x)?, so that x|Sq!(x).

Now assume that x18q%(x) for I < i < d—-3. By Fact 1.8, we have
x1Sq’(x) for j <2'—1. Since p is an eigenvector for &/ (2) by Proposition
I1.20, we have

(14) 22| (Sa/x)2Sq*" ¥ (p)

for j <2/ — 1. From equation (12) and the hypothesis on o, we find that

(15) 0=Sq¢>"(x*p) = (Sa* (x))*p (mod x%p),

and hence that y |Sq2i( x) . This completes the inductive step of the proof that
x18q%(x) for 0<i<d -3, and proves the proposition for c =d — 2.

To prove the proposition for ¢y > d —2, we assume that it holds for d -2 <
¢ < ¢op— 1. Suppose then that ¢|Sq? (g) for 0 < i < cy. By the proposition
for ¢ =d -2, we have ¢ = x?p for some polynomial y and product p of
linear forms. The above argument with co—1 replacing d -3 shows that x isa
Sq* -eigenvector for 0 < i < ¢y — 1. By the inductive hypothesis, x = 12° ‘y,
where 7 is a Sq?-eigenvector for 0 < i<d -3 and y is a product of linear

forms. This means that our original polynomial ¢ = 72 “"y2p. As y2p is the
product of linear forms, we may take m = y2p, proving Proposition 11.23. O

12. INDEPENDENT SETS OF EIGENVECTORS

We now prove a proposition about independent sets consisting of simultane-
ous eigenvectors for the first few Steenrod squares.

Proposition 11.24. Let | be an integer > 1, and suppose that {¢,, ..., ¢s} C

ki, ..., yq] is an independent set such that each ¢; = y/,?'ni for some polyno-
mial y; and product n; of linear forms. Suppose moreover that

(16) 3 Bigi = ¥
i=1

for some homogeneous polynomials By, ..., Bs and w. If
(17) deg(B;,) + 29172 — 2!-! < deg(¢;,) forall 1 < iy, iy <m,

then Bi¢; isa 2'-power for 1 <i<s.

Proof. We prove the proposition one / at a time. Suppose to begin with that
I=1. Asin §11, the ¢,’s are all Q-eigenvectors,sofor 1 <i<sand 0<j <
d — 1 we can define elements lj’,' e kipi,..., yd](zj_l) by Qj(¢,) = /q.j‘,‘(ﬁ,' .
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Foreach j, 1 <j<d-1,applying Q; to equation (16) gives

0="0;(Bi¢1)

i=1

=Y 0B+ Y BiQj ()
i=1

i=1

= (Qi(B) +4;,iB:) .

i=1

This is a relation between the ¢;, the degrees of whose coefficients satisfy

deg(Q;(Bi) +4;,1 Bi) <2971 — 1 + deg(By,) < deg(¢s,),

forall 1 <i,, i <s,byassumption. As the ¢,, ..., ¢; form an independent
set, this relation must be trivial by Fact 1.2; that is,

(18)  0=(Qj(Bi)+ 4i,jBi)d:i = Qi(Bidi), 1<i<m, 0<j<d-1

By Proposition 1.10, we conclude that S;¢; is a square for all ;. This proves
the proposition in the case / =1.

To prove the proposition for general /, suppose inductively that it holds for
all numbers < /-1, and that B;, ¢;, and w satisfy the hypotheses of the
proposition for the case of /. Then the proposition for the case of 1 says that
Bid; is a square for 1 < i < s, so that, as in §10, there exist polynomials
{B/}5_, such that Bi¢; = (,B,f)ng,{'} = (ﬁ{)zq/iz'ni{l} . Now by construction, n,{'}
is a square; say 7!} = (x)2. The prime factors of (x!)?, being the factors of
'V, are linear forms. Set ¢, = w2~ 'n}; then (¢/)2 = ¢!} and (B!¢)? = Bi¢: .

We now verify that the conditions of the proposition for the case of / — 1
are satisfied with ¢; replaced by ¢, and B; by B;. Square roots are unique in
characteristic 2, so from the last equality we have w? ' = 3°5_, B¢, . It remains
to check the degree condition. But for each i; and i, we have deg(B;) <

1 deg(B;,) and deg(¢)) > 1 deg(¢s,) , so that the inequality
deg(B,) + 27 — 2172 < deg(¢f,), 1<ir,ir<m,

follows from equation (17). The proposition for the case of / — 1 then gives
that B/¢. isa 2/~!-power for all i. But (B!¢))> = Bi¢;, and consequently S;¢;
is a 2/-power for 1 < i <s. This completes the induction step and proves the
proposition. 0O

Corollary 11.25. Suppose ¢,, ..., ¢s, w, and B, ..., Bs are as in the propo-
sition. Then for each i, either f; =0 or deg(f;) > deg(nfl)).

Proof. By the proposition, B;¢, isa 2/-power, so nf[) divides B; asin§10. O

13. DIAGONALIZATION

In this section, we prove that a matrix over k[y,, ..., y,] satisfying a certain
simple condition is diagonalizable. The argument is due to John Conway.
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Definition 11.26. Let % be a ring and suppose 4 = (a;;) € Mat,(%). Then
A denotes the component-wise square of A; A = (a}).

Proposition I1.27. Suppose A € Mat,(k[y,, ..., y4]) satisfies A = A2. Then
A is diagonalizable over k ; thatis, k" C k[yy, ..., y41" has a basis consisting
of eigenvectors of A.

Proof. Let € = k[yi, ..., y4], the algebraic closure of K[y, ..., y;]. Let

0:% — % be the Frobenius automorphism given by z — z° = z2; this auto-
morphism acts in the obvious way on Mat,(%). Then the fixed field 7 =k,
and the hypothesis on A is that 4° = 4%. Regarded as an element of Mat, (%)
acting on €”, A can be put in Jordan-canonical form. In particular, " has
a basis consisting of higher-order eigenvectors of A, that is, of vectors v sat-
isfying (4 + AId)°v = 0 for a suitable 1 € € and integer §, where Id is the
identity matrix of Mat,(%). I claim that any o-invariant higher-order eigen-
vector v of A is in fact an eigenvector: note that the hypothesis on 4 implies
that (4 + Ald)® = (A+ AId)* forall i >0, since A° =42 and A commutes
with Id. Let d be the smallest integer for which (4 + Ald )Zdv = 0; suppose
d > 1. Then

0=(A+Ald)*v = (A +AId)* Vv = (4 + AId)* 'v)7;

o being injective, we have (4 + Ald )Zd_'v = 0, contradicting the choice of d.
So d = 0; that is, v is an eigenvector. Therefore to prove the proposition, it
will suffice to construct a basis of higher-order eigenvectors all of which lie in
k" = (&")°.

Let A € € be an eigenvalue of 4 and v € #" a higher-order eigenvector for
which (A+4Id)*v =0, where ¢t > 0. Let ™" be the first g-image of v to be
@-linearly dependent on its predecessors, so that v°"" = Y7 cv? (say) and
the elements v, v°, ..., v%" are linearly independent. Now (4+AId)?" v =
[(4+ Hd)z'v]“' = 0; thus the vectors v, v?, ..., v’ —and hence their linear
combinations—are all higher-order eigenvectors belonging to 4. I claim that
this linear span 2" {v, v°, ..., v } contains a nonzero g-invariant element:
by linear independence, the equality

m m \? m-1 . m ‘

1 ! i+ 1
E aiv’ = E av’ | = E alv’ +a;‘,,§ civ’
i=0 i=0 i=0 i=0

holds when the scalars ag, ..., a, satisfy the equations
(1) atco = ap,
(2) a’_, +aici=a, 1<i<m.
Starting with (1) and using (2) to express 4, ..., dm In terms of a, and
o, ... Cm,we find that g, = Z;=0(a,2,,cj)2'_’ and in particular,

m

am =Y _(akc)*".
j=0

Conversely, any root of the polynomial

m
f) =Y "% v x
Jj=0
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gives rise to solutions agp, ..., a, to (1) and (2). Since by their definition the
Co,...,Cm arenotall 0, f(x) has a nontrivial root a,, in algebraically-closed
% , which yields a vector v, = Yo a;v° satisfying v{ = v;. By the linear
independence of the v, 0 < i < m, we have v, # 0. This proves the claim.

We now proceed to construct inductively a basis of g-invariant eigenvectors
for A. Suppose vy, ..., v;_; is alinearly independent set of such eigenvectors,
with / < d. Choosing a higher-order A,-eigenvector w notin 7 {v;, ..., v;_},
as we may since %" is spanned by higher-order eigenvectors, we repeat the
above process modulo 7 {v,, ..., v;_}. This gives a vector

O0#uce g"/%{'v] s een s 'U[_l}

satisfying #° = u;say 4 = u+7{v,, ..., v;_} where u € Z{w, w°, wo, .
satisfies u? = u + Zﬁ;: Ujvj. As we saw above, (4 +A0d)¥u =0 for some e;
applying ¢ to this equation, we find

-1
= (A +,Id)* (u+2,u,v,) ="+ A)* wjv;,
j=1

so that for each j, either u; =0 or 4; =4,.

If uj =0 forall j, wehave u° = u, so we may take v; = u and proceed with
the induction. If u; #0 for k=1,2,...,¢, wemust have A =---=4; =
A;. Let {pj.|1 <k <t} be solutions of x2+x = u;, in the algebraically-closed
field €, and set r = ¥;_, p;,v;, - It is easy to check that r is a higher-order
A;-eigenvector and that (u+r)? =u+r (¢ 7 {vy, ..., v_1}). We may now
take v; = u +r and proceed with the induction.

We conclude that A has a basis of eigenvectors in (")’ = k° . This proves
the proposition. 0O

Let G = H x; E; as in previous sections; recall that H acts on the algebra
klyi, ..., yqs] = H*(E;) with invariant subalgebra H*(G). The action extends
to Mat,(k[y;,...,y4]) by n(ay) = (naj), and Mat,(k[y;, ...,y =
Matn((k[yl 3 sy J’d])H) .

Corollary I1.28. Suppose that A € Mat,((k[y;, ..., va)¥) satisfies A* = A12],
Then A is diagonalizable and its eigenvalues are H-invariant.
Proof. Let E € Mat,y,(k) be the matrix taking the standard basis of k”
to the basis {vj}j.’=1 given in the proposition, so that 4 = E~!AE for A =
diag{A;, ..., A4}. As H fixes A, we have

E~'AE = A=nd=E™")(nA)(nE) = E"'(nA)E,
the last equality holding because H acts trivially on

Mat, (k) C Mat,(k[y1, ..., yal).

So nA = A, proving the corollary. O
PART IIl. PROOF OF THE MAIN THEOREM

14. Q-INVARIANT INDEPENDENT SETS. [

Let G = H x; E; be a semidirect product as before. Recall from §7 the no-
tation P(G, [/, m), representing the statement that any %/ (2)-invariant l.s.o.p.
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of the cohomology algebra H*(G) ~ (k[yi, ..., y4])! in degree m consists
entirely of squares. In this section, we prove some results about Q- and &/ (2)-
invariant independent sets which will imply that P(G, d, m) holds for all m
when G is of type I; from this the main theorem for groups & with subgroups
of this form will follow as in §7. The rest of part 3 is devoted to proving that
P(G, d, m) holds for all m not of the form 2!.5 when G is of type II, thus
completing the proof of the main theorem.

We begin by introducing some notation. Let G = H x, E;, and suppose
that . = {6y, ..., 6;} C (k[y1, ..., ya])¥ is alevel Q-invariant independent
set of degree m . Define b by 2° — 1 <m <2b*! — 1. For 1<t < b, we may
define elements q(t);x € k[yi, ..., yd]g,_l) by

d
(19) Qi(6;) = q(1) bk
Jj=1

as in §7; as m > 2 — 1 by assumption, these elements are uniquely defined by
Fact 1.2. Let €(t) € Matsk[y1, ..., y4lf}_,) be the matrices @(t) = (q(t)jc),

1 <t<b. Writing © to represent (0, ..., 60;) € (k[y1, ..., yq])*?, we sum-
marize the equations in (19) with the matrix equation ©2'(¢t) = (6,, ..., 0,;)2(¢)
= ,(6). In this notation, we have

0:0u(8) = 0:(8Z(u)) = Q@ (1)) + B(@ (1)@ (u))
for 1 <t,u<b. Asthe Q, are commuting derivations, we have Q,Q,(0) =
0:0.(8), so that
(20) 00.,(@ (1) + 8@ )& (1) = O0(& (1) + O(@ (1)@ (u)).
This is a matrix equation in © with coefficients of degree 2/ — 1 +2%—1. For
t, u such that 2/ + 2% — 2 < m, Fact 1.2 gives

(21) 0u(@ (1) + Q@ (u)) = [€(1), @(u)].
We obtain another equation involving &(u) from the fact that Q,Q, =0:

0=0.0.(8) = Qu(84 (1))

=62 (u)d (u) + 6(Qu@ (1))
=02 (u)* +6(Qu@(u)).
If 2(2% — 1) < m, then as before Fact 1.2 applies to give
(22) (@(w))* + Qu(@(u)) = 0.

In the next two propositions, we use equations (21) and (22) to prove that
the elements of Q-invariant (resp. %/ (2)-invariant) independent sets are eigen-

vectors for the first few Q; (resp. Sq?'). Recall from §5 the definition of v .

Proposition IIL.1. Let G = H x, E;, and suppose that ¥ = {0,, ..., 6s} isa
level independent set for (k[yi, ..., ya)" indegree m. If m >2" -2 and ¥
is invariant under Q; for 0<i<v -1, then Qi(&) =0 forall & in the linear
span 7°{6,, ..., 6} andall i, 1 <i<v-1. Ifinaddition m >2"*' -2 and
& is invariant under Q,, then 7°{0,, ..., 6} has a basis 67, ..., 0. such
that for 1 < j<s, Q,(07) = 2,6 for suitable 4; € k[y,, ..., yd]gv_l).

Proof. Suppose to begin with that m > 2 — 2 and & is invariant under Q;,
0 <i<wv-1. The matrices £(¢t) discussed above are defined for 1 <:<v-1.
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We have &'(1) = 0, since its coefficients lie in k[y,, ..., yd](’{) , which is 0 by
Corollary 1.6. We prove inductively that £(i) =0 for 1 <i<v-1.

Suppose that the matrices £(t) = 0 for ¢ < i, where i < v — 1. From
equation (21), we have

(23) 0=0/@(i), 1<t<i.

This means that 0= Q,(q(i);x) forall t=1,...,i—-1and j,k=1,...,5s.
As deg(q(i)jx) = 2" — 1, we have ¢(i)jx € K|, in the notation of §8. But
i-1<v-2,s K", =0 by Corollary IL.11; therefore &(i) = 0. This
completes the inductive step. We now have that £(i) =0 for 1 <i<v -1,
so that Q;(0;) =0 for 0 <i<v -1 and 1 < j <s. This proves the first
claim of the proposition.

Suppose now that in addition m > 2V — 2 and % is invariant under Q, .
Applying equation (21) as before, we find that q(v);; € KH | . Though we
can no longer conclude that g(v); = 0, we do know from Corollary IL.5 that
Q0.,(qW) k) = (q(v)jx)? for all j, k. This means

(24) Q@) =ew,
in the notation of §13. On the other hand, from equation (22) we have
(25) Q.4(v)=2(v).

The last two equations say that &(v)? = €(v)!Z, so that &(v) satisfies the
conditions of Proposition I1.27 and its corollary, as a matrix with coefficients
in k[y1,...,val D (k[y1, ..., yq]) . Therefore its action on 7°{6,, ..., 0}
is diagonalizable, and the diagonalized matrix is H-invariant. The eigenvectors
67, ..., 6; forming the new basis for 7°{6,, ..., 6;} are H-invariant and are
killed by Qy, ..., Q,_, as above. O

Before looking at the implication of Proposition III.1 for groups of type I,
we prove an analogous result describing independent sets which are invariant
not under the first few Q,’s but under the first few Sg? ’s. Proposition II1.2
will play a role later on in the discussion of groups of type II.

Proposition II1.2. Let G = H x, E;, and suppose that ¥ = {6,, ..., 05} C
(k[yi, ..., va)! is a level independent set in degree m > 2'*' where t is
defined by 2"~ < v < 2'. Suppose ¥ is invariant under Sq? for 0<i<
t. Then Sq* (&) = 0 for all & in the linear span 7°{6,, ..., 6s;} and all i,

0<i<t—1. Moreover, 7 {0,, ..., 05} has abasis 0}, ..., 0; such that for
1<j<s, Sq%(8)) = u;0 for suitable u; € k[yi, ..., yalfh, -
Proof. This time we define elements p(i);x € k[y;, ..., yd](’g,-) by qui(()j) =

Yke1 P(0)jk0k , and let (i) be the matrices (p(i);«); as before, these matrices
are well-defined provided 0 < i < ¢. By Corollary 1.6, Z(i) =0 for 0 <i <
t—1, so from Fact 1.8 we have Sq%(0) =0 for 1 <a <2'—1. It then follows
from the Adem relations that

0 = Sq% Sq% (8) = Sq* (82(1))
= (BP(1))P(t) + O(Sq* P(1)) = O(P(1)? + P(1)1%).
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As 2*! < m, we conclude from this matrix equation that 0 = ()2 + P(t)[2.
The rest follows as in the proof of Proposition III.1. O

Propositions III.1 and III.2 give information about level Q- and &/ (2)-
invariant independent sets of sufficiently high degree. The following special
case of a result from [Car81] provides an estimate for the degrees of those level
Q-invariant independent sets which contain d elements, that is, of Q-invariant
l.s.0.p.’s.

Proposition II1.3 [Car81]. Suppose & = {6,, ..., 05} is a Q-invariant Ls.o.p.
of (klyi, ..., va)! of degree m. Then 2h|m.

Using this estimate and Proposition III.1, we proceed to prove the main
theorem for groups & containing subgroups of type I.

15. MAIN THEOREM, PART |
In view of Propositions III.1 and III.3, we have the following:

Proposition I11.4. Suppose G = H %, E; is of type 1. Then the algebra H*(G) ~
(ky1s ..., yal)¥ has no d-element /(2)-invariant ls.o.p.’s.

Proof. By Proposition 1.14, it suffices to prove that P(G, d, m) holds for all
even m, i.e. that any d-element &/ (2)-invariant l.s.0.p. of even degree m con-
sists entirely of squares. Suppose that . = {0;, ..., 6,} is such an ls.o.p.
As its degree is even, we have Qy(0;) = 0 for 1 < j < d. Moreover,
m > h =24 — 1 by Proposition II1.3, and as G is of type I, v = d . It follows
from Proposition III.1 that Q;(6;) =0 for 1<i<d-1and 1<j<d. By
Proposition .10, §; is a square for 1 < j < d. This proves the proposition. 0O

We can now prove

Theorem IIL5 (Main Theorem, Part I). Suppose the group & contains a sub-
group G = Hx. E; oftypel. Then & does not act freely and k-cohomologically
trivially on any finite complex X ~, (S™)4, for any n.

Proof. Immediate from Theorem 1.13 and Proposition III1.4. O

16. (Q-INVARIANT INDEPENDENT SETS, PART II

Let G = H x, E4 be a group of type II, and let ¥ = {6,, ..., 65} bea Q-
invariant ls.0.p. of (k[yi, ..., y4])” in degree m. Proposition IIL.1 says that
the linear span 7°{0,, ..., 6;} has a basis &' = {6, ..., 6;} consisting of

eigenvectors for Q;, 0 < i < 2, provided m > 6. In the next few sections we
show, first, that if m > 14, then the 0} are in fact eigenvectors for Q3 as well,
and are therefore Q-eigenvectors; and second, that if in addition . is actually
a &/ (2)-invariant l.s.0.p. and m # 5-2! for any ¢, then these eigenvectors must
in fact be squares.

Suppose then that m > 14, and that . is a Q-invariant l.s.0.p. in degree
m; let &’ be as above. Let €(u), 0 < u < 3, be the matrices for the Q,
in the basis {6,...,0;} asin §14. Then €(1) = 0 and &(2) is diagonal.
The degree conditions for equations (21) and (22) of §14 are now satisfied for




176 J. H. SILVERMAN

t=1,2 and u =3, and these equations give

(26) Q1(€(3)) =0,
(27) K(@(3)+2:(@(2) =1€(2), 2(3)],
(28) 0:(@(3)) = 2(3)%.

We use these equations first to restrict the monomials that can appear in the

off-diagonal elements of &'(3), and then to show that these elements are in fact

0. This will mean that £(3) is diagonal and the 0} ’s are Q-eigenvectors.
Taking the (i, j)th coordinate of the matrices in equation (27) gives, for

i#7J,

(29) Q2(4(3)i5) = (a(2)ii +4(2);)a(3)ij ,

as @(2) is diagonal. If ¢(2);; +¢q(2);; =0, then Q(q(3);j) = Qi(¢(3);;) =0,
s0 ¢(3);; € K¥, in the notation of §8. But K = 0 by Corollary I.11, and
therefore ¢(3);; =0.

We now consider the case ¢(2);; + ¢(2);; # 0, and check that g(3);; = 0
here as well. We do so by showing that Mon(g(3);j) =@ .

Equation (26) and its analogue Q,;(£(2)) = 0 say that Q;(q(2);;) = Qi(¢(3);)
=0 forall 1 <i,j<4. Thus by Lemma II.13 each monomial of ¢(2);; and
q(3);; is of the form (x;,x2_,)x;, --- x; 4> for suitable x; and 4. These mono-
mials must all be H-invariant, since the polynomials ¢(2);; and ¢(3);; are.

Notation. For typographical convenience, we write (ap a; --- a4_;) to represent
the monomial x°---xj'7'.
One may easily check that the only possible monomials of ¢(2);; are (200 1)

and its conjugates under I', and the only possibilities for Mon(g(3);;) are
(30) (6010), (4300), (4021), (3220
and their conjugates under I".

Notation. Henceforth, we write p(2);; for ¢(2); +q(2);; -
From the above paragraph, we have p(2);; = Y,_,¢”"(2 00 1) for some
¢ # 0. Equation (29) becomes

(31) 02(9(3)ij) = p(2)i;q(3)ij-

We now ask which monomials may appear in equation (31). Any monomial of
0>(q(3)j) must be conjugate to one of

(10000), (4204), and (2260),

and any monomial of p(2);;q(3);; is conjugate to a product of (200 1) with
one of the monomials of equation (30). One may check that the monomial
(8011)=(2001)(6010) is conjugate to such a product in exactly one way.
Writing 4 for the coefficient of (6 0 1 0) in ¢(3);;, we see that the coefficient
of (8 01 1) on the left side of equation (30) is Ac and its coefficient on the
right side is 0; as ¢ # 0, we conclude that A = 0. Thatis, (6 0 1 0), and
likewise its conjugates, does not appear in g(3);; after all. The same argument
using (5500)=(1200)(4300) in place of (801 1) shows that (4 30 0)
and its conjugates do not appear either, in any off-diagonal element ¢(3);; .
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It remains to eliminate the monomials (4 0 2 1) and (3 2 2 0) and their
conjugates. We do so using equation (28). Looking at the i, j-coordinate, we
find that

q lkq

MA

(32) Os(4(3

x~
Il

Recall that

Mon(g(3)as)
{4021),(32200)yeT}, a#b,
{{(402 1)7,(3220,(6010),(0043)yel}, a=b.

One may easily check that the monomial (2 10 2 0) = Q3(3 2 2 0) does not
appear in the right-hand side of equation (32) at all. It follows that its coeffi-
cient in Q3(¢q(3);;), which is its coefficient in ¢(3);;, vanishes, and hence that
(3220) ¢ Mon(q(3);j) C {(4021)"|y eI'}. Referring again to equation (31),
we find by studying the coefficient of, say, (2 2 6 0), that the coefficients of
(402 1) and its conjugates in ¢(3);; must vanish as well. Thus we have that
q(3);j = 0 whenever p(2);; # 0. We have already seen that ¢(3);; = 0 when-
ever p(2);; =0 and i # j, and therefore we conclude that &(3) is diagonal as
asserted.

Thus the 6 are all Q-eigenvectors. From Corollary I1.22, we have that
;= ¢fpj for all j, where ¢; € (k[y1, ..., va])¥ and p; is a product over
orbits of H on .2

Suppose now that m is even. Because 4 is odd, each p; must be a product
over an even number of orbits. Now there are only three orbits of G on %,
and as the 6; form an independent sequence, they have no common factors
and the orbits associated to them must be distinct. Without loss of generality,
then, 6 = ¢f for j <s—1,and 0. = ¢?p where p is either 1 or a 2-orbit
nonsquare.

We have proven

Proposition I11.6. Suppose (k[yi, ..., va])" has a Q-invariant independent se-
quence X = {6,, ..., 0} in degree m > 14. Then there is a basis ' =
{01,...,05} of 7{6,, ..., 05} suchthat 0= ¢}p,~ for 1 < j<s, where p;

is a (possibly trivial) product over orbits of H on & . If m is even, then w.l.o.g.
=¢? for 1 <j<s—1,and ;= ¢2p where p is either 1 or a 2-orbit
nonsquare.

The rest of Part III will be devoted to demonstrating that if . is a &/ (2)-
invariant l.s.o.p. and m is not of the form 2’/- 5, then the second possibility
cannot in fact occur. This will prove P(G, d, m) for such m and groups G
of type II.

17. & (2)-INVARIANT L.S.0.P.’S

In this section, we prove a proposition which will later be used as the induc-
tive step in a description of the %/ (2)-invariant l.s.0.p.’s in H*(G) for G of
type II.
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Lemma II1.7. Let G be a group of type 11, and let | > 1 be an integer. Suppose
& ={01,...,604} C (ky1, ..., vaD! is a & (2)-invariant ls.o.p. of degree
m. Suppose that the 6; = t//f’ are 2'-powers, 1 < j < 3, and 64 = o¥n
is a 2!-power times a 2-orbit nonsquare. Then for i such that 0 < i < 2
and 2+ 4+ 242 2=\ < m | the ideal #{6,, 0,, 05} is invariant under Sq*"'
(equivalently, the ideal .#{y,, y>, w3} is invariant under qui).

Proof. Suppose that i satisfies the conditions of the lemma. Since the ideal

F{60y, ..., 04} is & (2)-invariant, there exist elements
a(l+i)jk€k[)/1a~--,J’4]gl+.‘), IS]S3>
such that
) 4
(33) (Sa*v)* =S¢*"0; =" a(l + i) by

k=1
We verify now that Proposition I1.24 and its corollary apply to this situation.
Indeed, we have
deg(a(l + i)ji) + 2H4=2 — 2=t = plti g oa2 _pl=l oy,

and in addition, deg(n‘?) > 2.5 by Lemma IL.17, so that deg(a(/ + i) ;) <
2!+2 < deg(n") . Proposition I1.24 and Corollary I1.25 then give, for 1 < j < 3,
(34)
. ! .
al+i)1 = (a(l + i) j%)? for some a(l + i) € k[yi, ..., y4](’§,-), 1<k<3,
0, k=4
In view of equation (33), equation (34) means that the ideal .# (6,, 62, 63) is

invariant under Sq®*' for 0 < i < 2. Taking (2/)th roots of equation (33)

now gives
3

Sq¥y; = > ol + i),
k=1

so that the ideal .#(y,, ¥,, W3) is invariant under S¢*. O

Proposition IIL.8. Let G be a group of type 11, and let | > 1 be an integer.
Suppose . = {0y, ..., 04} C (k[y1, ..., va)¥ is a & (2)-invariant Ls.o.p. of
degree m such that the 6; = y/jz' are 2!-powers, 1 < j <3, and 0, =c%n is
a 2!l-power times a 2-orbit nonsquare. If m > 14.2!, then in fact 6; = qul“
isa 2*'-power, 1 < j <3, and 0, = t*"p is a 2+'-power times a 2-orbit
nonsquare.

Proof. We begin by showing that 6, is a 2/+'-power, 1 < j < 3. We may
assume that 7 has no factors of multiplicity > 2/. Now for 0 < i < 2 we have

2l+i + 21+2 _ 21-—1 < 21+3 _ 21—1 <m,

so that by Lemma IIL.7, the ideal #{y;, v,, w3} is invariant under Sq? for
0 < i < 2. The ideal is therefore invariant under Q; for 0 < i < 3. Now the
¥; , being (21)th roots of an independent set, themselves form an independent
set, the degree of which is m/2! > 14 by hypothesis. Thus by Proposition
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I11.6, there exists a basis {y], y;, w3} for Z°(y, y,, y3) such that each y;
is of the form t//]’. = é} pj for some &; and some square-free product p; over
H-orbits on .. Now there are only three products of H-orbits on .#, and
two of these divide 6, by assumption. Since the 6;’s form an independent set,
they have no common factors, and so w.lL.o.g. p; = p, =1 and pj; is either |
or a product over a single orbit, hence of odd order /. But since y| =¢? isa
square, the common degree of the y/ is even, which means that deg(p3) must
be even. Thus p; = 1 as well, so that all three of the y/ are squares. Therefore
the original y;’s, which are linear combinations of the y/J’. ’s, are themselves
squares; say ¥; = ¢>. We conclude that for 1<j <3, 6, = t//f' = ¢}l+l is a
2!+1power, as asserted.

It remains to show that 6; = 27 actually factors as 6, = 12" p with p
a 2-orbit nonsquare. To begin with, I claim that ¢? divides Sq? (¢2') for
0 < s < [1+2. This is proved by induction on s. The cases s < / are
trivial, as Sq2 acts trivially on 25*!-powers by Fact 1.8. Suppose now that ¢
divides qu"(azl) for g < s. Since the Steenrod algebra ./ (2) is generated
by {qu"};‘;o , we have in fact that ¢? divides Sq’(6?) for 1 <r<25—1.
Bearing in mind that 7 is an eigenvector for %/ (2), define the polynomials
{75! and {u}7o C klxo, ..., Xa-]f)) by

(35) Sq"(6¥) = A,0? and Sq'(n) = .

Since the ideal generated by . is & (2)-invariant, we can also define elements
a(s)k € klxo, ..., xa—1lk) by Sq¥(64) = X4, a(s)cbi . Using the Cartan
relations, we now write
4 » 1
a(s)kO = Sq¥ 04 = _Sq"(6?)Sq* ~"(n)
k=1 r=0
-1 / /
= Z (Arptzs 0% 1) + Sq% (62 )m.
r=0
Collecting terms with a factor of 7, we find that
»-1 3
(36) k¥ |a(s)a0? + 3 Aouz-r0? +S¢%(6¥) | m = als)by,
r=0 k=1
where k is defined to be the coefficient of 7 in equation (36). Multiplying
through by ¢2', we find that

3
(37) K64 + Za(s)kazlek =0.
k=1

Equation (37) gives a relation between the 6;’s whose coefficients are of degree
deg(k) = 2° + deg(a? ) = 2 + m — deg(n).

But deg(n) > 2/ .5 > 2/*2 > 25 by Lemma IL.17, and thus we have deg(k) <
m = deg(6). As the 6’s form an independent set, Fact 1.2 implies that the
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coefficients, and in particular x , must vanish. Viewing equation (36), in which
K was defined, modulo o2 , we find that 2 divides Sq* (¢%'). This completes
the induction step and proves thd claim.

Now for 0 < B < 2 we have 62 |Sq*"(6?) = (S¢* (6))?, the equality
holding as in Fact I.8. Taking (2/)th roots, we find that ¢ divides quﬂ(a) for
0 < B < 2. From this it follows that ¢ divides Qg(co) for 0 < f < 3, so that
by Corollary 11.22, we have that ¢ = 72ny for some polynomial 7 and some
product 7y of linear factors. Thus 6, = 621 = 12”'7:3'7:. We take 7’ = néln
to prove the proposition. 0O

18. MAIN THEOREM, PART Il

In this section, we use Proposition II1.8 to complete the proof of the main
theorem.

Proposition I11.9. Let H ~Z/(5), and let G = H x, E4 be a group of type 11
1. If m is an integer not of the form 2' .5, then P(G, 4, m) is true.

2. If m=2'.5 forsome t >2 and ¥ = {0,, ..., 0,4} isa 4-element Ls.o.p.
of H*(G) in degree m, then either 6; is a square for all i, or else the linear
span 7°{6,, ..., 04} has a basis ¢\, ..., ¢4 such that

t—1 . =1
¢i=w}, 1<j<3;  du=vi p,

where p is a 2-orbit nonsquare and the elements v, ..., y3 € k[yy, ..., y4](”,’0)

satisfy the conditions Sq'(y;) = 0 and w;|Sq*(vw;), and generate an ideal
invariant under Sq*.

Proof. Note that by Proposition III.3, the proposition is trivially true if m is
not a multiple of 10. Now fix m = 10n > 20, and let .¥ = {6,, ..., 64} be
an & (2)-invariant L.s.0.p. of (k[y, ..., ya]) . By Proposition III.6, the linear
span 7°{6;, ..., 64} hasabasis 6}, ..., 6, such that 6; =¢f for 1<;j<3
and 0 = ¢2p where p is either 1 or a 2-orbit nonsquare. If p = 1, then
0], ..., 0, are all squares, and consequently the 6,, ..., 64 are all squares as
well, being linear combinations in characteristic 2 of the 6} ’s.

Suppose then that p is a 2-orbit nonsquare. We now apply Proposition II1.8
as long as the degree condition is satisfied. If / is defined by

(38) 14.2'«<m<14.2,
we find that 2°{6;, ..., 64} has a basis ¢i,..., ¢; such that ¢; = y? for
1<j<3and ¢4 = y/}la for some polynomials y; € (k[y;, ..., ys])? and

some 2-orbit nonsquare ¢ . Now m = 2/ deg(y,) is divisible by 2/, and m is
divisible by 5 by Proposition I11.3, so we may write m = 2!-5¢ for some integer
¢. From equation (38), we have 1 <c <1 sothat c=2 and m=2"*1.5.

If in fact m is not of the form 2’/- 5, then the above argument shows that
to assume that p # 1 leads to a contradiction. Thus P(G, d, m) holds for m
not of this form. If, on the other hand, m = 2/*!.5 > 20, we apply first Lemma
II1.7 and then Proposition II1.2 to the situation of the previous paragraph to
see that indeed the y; have the properties claimed. O
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Corollary II1.10. Let G be a group of type 11, and let m be an integer not of the
form 2t.5. Then H*(G) ~ (k[y1, ..., ya])!! has no & (2)-invariant l.s.o.p.’s
in degree m .

Proof. Follows in view of Proposition 1.14. O
Finally, we have

Theorem III.11 (Main Theorem, Part II). Suppose that the group & contains
a subgroup G ~ Z/(5) x, E4 of type 11, and let m be an integer such that
m#2.5 forall t. Then & does not act freely and k-cohomologically trivially
on any finite complex X ~; (S™1)*.

Proof. Immediate from Theorem 1.13 and Proposition II1.10. O
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